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ERROR BOUNDS FOR GLIMM DIFFERENCE APPROXIMATIONS
FOR SCALAR CONSERVATION LAWS

BY

DAVID HOFF1 AND JOEL SMOLLER2

ABSTRACT. We derive error bounds for the Glimm difference approximation

to the solution of a genuinely nonlinear scalar conservation law with BV initial

data. We show that the L1 error is bounded by 0(Axl/6\ log Ai|) in the

general case, and by 0(Axl/2\ log Ai|) for a generic class of piecewise constant

data.

1. Introduction. In this paper we derive bounds for the error in the Glimm

difference approximation [G] to the solution of a single conservation law

(1.1) vt + f(v)x=0,        (x,i)GRxR+,

with initial data

(1.2) v(x,0) = vo(x).

Here vo is a function of bounded variation (not necessarily small), and / is a C2

function satisfying /" > 0 on the closed convex hull of the range of t>o- We let u

denote the approximate solution of (1.1) generated from Glimm's scheme and based

upon an equidistributed sequence {an} C (—1,1) (as explained below). We show

that, given any interval [o, b] Ç R and any real numbers e, t > 0, there is a constant

C, independent of the mesh parameters, such that the following error bound holds:

(1.3) |[u(-,i) - v(-,t)\\L1[aM < C[\\u(-,0) - «o||L1(âig] + Ax^llog Ax|],

where ä = a - Lt — e,b = 6+ Lt + e, and L = sup^i^n^n^ |/'(v)|. In addition, we

show that for a generic class of piecewise constant data vo, the error bound can be

improved to 0(Ax1/2\ log Ax|) when u(-,0) is suitably chosen. By comparison, it is

known that the error in approximations generated from monotone finite difference

schemes in conservation law form is 0(Ax1^2); see [Ku].

In §2 we give a description of the Glimm scheme and derive the basic estimates

required for the subsequent analysis. Although these estimates are well known,

their derivations in the scalar case are quite simple, and we have included them in

order to make our exposition self-contained. In §3 we derive an estimate for the

weak truncation error associated with an approximate solution u. This estimate is

based upon Liu's wave-tracking analysis [L] and requires that the equidistributed
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612 DAVID HOFF AND JOEL SMOLLER

sequence {an} satisfy the following:   There is a constant c such that, given any

6 G [-1,1] and K,N G Z+,

(1.4)
4{nG[K+l,K + N]:an<6}      1 + 6

N

clog AT

see [Ku N] for a description of such sequences. Then in §4 we combine our bound

for the weak truncation error with a refined version of the stability analysis for (1.1),

due to Krushkov [K], in order to derive the bound (1.3). Finally, in §5 we derive

the improved error bound 0(Ax1^2 | log Ax|) for a special class of initial data. This

result is obtained by direct comparison of u with v, and, as a consequence, §5 is

independent of the rest of the paper.

2. Preliminaries.

A. Glimm approximate solutions. We give here a brief summary of the main

properties concerning Glimm approximate solutions of (1.1), (1.2); for the general

statements and more details, see [G, GL, S].

Let {am} be a fixed equidistributed sequence in ( — 1,1), and let Ax, Ai be fixed

mesh parameters which satisfy the C.F.L. condition

sup     |/'(u)| < Ax/At.
M<INII=o

The Glimm approximate solutions are solutions of a difference scheme which can

be described as follows. First we define Xk = k Ax, k G Z, and tn = n At, n G Z,

and consider the grid in t > 0 defined by the two families of lines x = Xk, k G

Z, t — tn, n G Z+. The lines t = tn are partitioned into disjoint intervals

[(k — 1) Ax, (k+1) Ax], where k + n is even. In each such interval we choose a point

9k,n = k Ax + an Ax. We approximate the initial data by piecewise constant data

{u°}, where u° is the value of the approximation on [xfe_i,Xk+i]. Inductively, we

solve the corresponding "Riemann problem", i.e. we solve (1.1) with data

i \      Í ufc-i>        x < kAx,
Voix) = {unk+n        x>kAx.

The solution of this problem is a shock wave if un_x > u£+1 and a rarefaction wave

if tifc+1 > t¿fc_i (see [S]). This defines the approximate solution un(x,t) in the strip

tn < t < tn+\. In order to obtain a piecewise constant approximation on the line

t = tn+i, we define

Un+1(x,tn+i) = Un(6k,n,tn), Xk-1  < X < Xfe+1.

This defines the Glimm approximate solution u (which depends on the given mesh

parameters Ax, At). Notice that u is an exact solution in each of the strips tn <

t < tn+i and has jump discontinuities across each of the lines t = tn, n > 1. We

use the notation

Ufe = u(k Ax, n At),        (k,n) G Z x Z+.

We then have the following lemma.

LEMMA 2.1. (1) The ^maximum principle" holds for u; i.e. for all (k,n) G

Z x Z+, K| < Huolloo.
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(2) T/ie iota/ variation is "conserved"; i.e.

J2\unk+1-u^i\<V = T.V.(uo).
fcez

PROOF. (1) is obvious since the solution of the Riemann problem for (1.1) with

data (ui,ur) lies in the convex hull of the points ui,ur. For (2) note that, by virtue

of (1), we may write

uk        =akUk-l+ßkuk+l>

where of + ffi = 1, a£, /3£ > 0. Thus,

£ Ki - «îiîl = £ l«+1«i? + /3fcn+i<+2) - K-i<-2 + 4n-i^)l
fe€Z fc

= £ l/^+xK+2 - «fc) + «fc-l(«fc - «fc-2)l
k

< E^+iK+2 -«fcl + E^+il<+2 -«21
fc fc

fc

We need some notation and definitions; see [G, S]. Recall that the equidistributed

points on which we do the evaluations are defined by (xfc + an Ax,tn). In order

to estimate the total variation of an approximating solution, we cover the upper

half-plane t > 0 by "diamonds", the corners of which are the equidistributed points

in the mesh intervals. A mesh curve is a (nonbounded) piecewise linear curve lying

on diamond boundaries going from VF to AT or S; see Figure 1A. Jo denotes the

(unique) mesh curve passing through the mesh points on t = 0. If a is a (shock or

rarefaction) wave connecting the state u¡ to the state ur, we denote the strength of

a by |a| = |u¡ — wr|. Finally, if J is a mesh curve, we let Q(J) = J2 \a\ \ß\i where

the sum is taken over all waves a, ß in the approximate solution u which cross J,

and either a or ß is a shock wave. If A is the diamond depicted in Figure IB, then

for the approximate solution u, we define

{\a\\ß\       if a, Center A,
and a or ß is a shock,

0 otherwise.

If R is a union of diamonds Afc, then we define Q(R) — Ylk Q(^k)- Finally,

Q = Q({t > 0}) = £{Q(A): AC[t> 0}}.
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LEMMA 2.2.  Q<0V, where 9 = oscill(u0), V = T.V.(uo).

PROOF. As usual, one shows that if J2 is an immediate successor to Ji, then

QU2) - Q(Ji) < -Q(A), where A is the diamond between Ji and J2; see Figure

2. This is especially simple to prove in the scalar case since e = 7 + 8. Thus

suppose that a ^ A, a crosses Ji and J2, and |ae| contributes to Q(J2). Then

either (i) a < 0 or (ii) e < 0. In case (i), the net contribution to Q(J2) - Q(Ji)

is |q£| - |ory| - |q<5| < 0, since |e| < |^y| + |<5|. In case (ii), one or both of 7 and 8

must be negative, say 7 < 0 < 8. Then 0>£ = <5 + 7>7, and |ae| < \cfy\. Thus

the contribution to Q(J2) - Q(Ji) due to a is |ae| - \a~f\ < 0. Finally, since Q(A)

contributes to Q(Ji) and not to Q(J2), we have Q(J2) - Q(Ji) < -Q(A) < 0.
It follows that if J is any mesh curve, and A = (J{A: A lies between J and Jo},

then Q(J) < Q(J0) - Q(A), so Q(A) < Q(J0). Since this holds for all A, we have

Q < Q(Jo) < OV.    G
Next, given a diamond A as above, the cancellation in A is defined by

C(A) = |i| + |¿|-|s| = bl + f$|-|7 + £|.
We extend the domain of C to J-curves and regions R as before, and we define

C = £{C(A):  all A}.

Lemma 2.3.  C < V = T.V.(u0).

PROOF. Let Jn be the J-curve passing through all mesh points on the lines

t = n At and t = (n + 1) At. Let C„ = £-{C(A) : Jo < A < J„}. If A n J0 = 0 =
A n J„, and both 7 and ¿S are waves entering A, while e is the wave leaving A, then

each of |e|, | —y| and |¿| is counted twice in Cn with different signs. Hence,

Cn = - 2_^{\ot\ : a crosses Jn} + VaN : ot crosses Jo}

- /J{lal: a crosses «^0} < V,

so that C < V.   a
B. Wave decomposition. Let {u£} denote the states in u (see Figure 3), and let

{an} be a given equidistributed sequence in (-1,1). We partition the (time line)

indices 1,2,..., into sets of equal length: {0 < n < M}, {M < n < 2M},...,

{(p - 1)M < n < pM},-We then have the following theorem (see [L]).

Figure 3
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THEOREM 2.4.   For (p-l)M < n < pM, one can define the following quantities:

(1) a partition of the interval KTl,u^±1] : u^ = y£0 < • • • < y^q„ = u£±1;

(2) a classification of the numbers z^^ = y^j - Vkj-i în*° ^wo disjoint sets,

{Zk,j) and {¿fc,i>> where zk,j = ~zk,3 + *k,j> and one °fzk,j,zl,j is zer°;

(3) a wave speed Xg.■ for each index (k,j) for which ¿jjj = 0; and

(4) an invertible map

such that the following properties hold:

(i) E(fcj) \k,3\ < KC(RP),
where Rp = |J{A between t = Í(p_i)m and t = ípm}-

(ii) an+1(k,j) = an(k,j) + (±1,*).

(»i) C*(fc,j) = yfc~1)M-
(iv)

£|5<71)MI        max        lA^-At^KQ^).
*■"■' ,J (p—l)M<n<pM v      ' J
Cc,j)

PROOF (LIU [L] ). There is no loss in generality if we take p = 1. The proof is

by induction on n.

We initially partition the waves so that no further partitioning occurs. Such

a partition is not very difficult to achieve, but describing it is somewhat tedious.

Namely, given any wave at the point (xfeo,0), we define its "range of influence sets"

by setting A0 = {(xfeo,0)}, and, given An, we define An+i = {(xfc±i,t„+i)} if and

only if (xfc,in) G An, and either

(a) the shock wave at (xfe, tn) and the shock wave at (xfc±i, i„+i) share a common

state (ui or ur) (see Figure 4A), or

(b) the rarefaction wave at (xfe, tn) contains the rarefaction wave at (xfc±i, fn+i);

(see Figure 4B).

We further require that

{Vk0,j} 2 {"feu : (xfc±i,i„) G An and v%±1 is between ug0_i and uako+x] .

(Of course, finer partitions are admissible.) We set z° ■ = z°j and z\- = 0 for all

(k,j), a0 = identity, and

0 ( f'iVkj) ü° («fc-i>«fc+i) *s a rarefaction wave,

k'J ~ \ s(«2_i,«fc+i)       if («fc-i»«fc+i) is a shock wave-

Then it is easy to see that (i)-(iv) hold (trivially or vacuously!).
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X   un-f-X—
Ui um Ur

Figure 5

ft//-^̂ t

Figure 6

Uj u.

u//     "m    Vj

Figure 7

Now suppose that the partition has been constructed at time tn. It will be

sufficient to: partition the wave at (xfe, tn+1 ) ; define AJJ'J1 ; and define a™+* mapping

the set

{(fc0, jo) ■ an(ko,jo) = (fc ± l,j') and the wave zjy-ij/

meets the line í = í„+i between Xfc_i + anAx and Xfc+i + onAx}

onto the set {(k,j) : z£j = 0}. (In all subsequent figures waves will be centered at

the points Xfc±i, Xfe, and the x's are the points Xfe±i + an Ax.) We consider several

cases:

Case (a). Suppose the waves translate (cf. for example Figure 5).

Here we retain the partition of [u;,um], the classification, and the definition of

the A's. We set an+1 = an + (±1, *) on the relevant domain.

Case (b). R + R —> R3 (but different from (a); see Figure 6).

By construction, ü is a partition point of [u¡,um], so the partition of [t2,um] is

obtained by restriction. We retain the classification of the z and the z's and we

retain the A's. Any index (fco, Jo) mapped by an to (fc - l,j') gets mapped to (fc, *)

by an+1, and thus (i)-(iv) all hold trivially.

Case (c). S + S —> S (but different from (a); see Figure 7).

We have u¡ > um > ur, and, by induction, we have partitions of both inter-

vals [ur,uTO] and [uTO,u¡]. Take the union of these partitions as the partition of

[u¿,ur], retain the classifications, and define A^1 = s(ui,ur). If (fco,Jo) is such

that a"(fco, Jo) = (fc ± L *), set an+1(^o,Jo) = (k, *)■ Then (i)-(iii) are trivial to

3We are using standard notation; namely R and S denote rarefaction and shock waves, re-

spectively, and R + R —< R denotes two rarefaction waves which enter a diamond and produce a

rarefaction-wave. Similar meaning is given to S + S —f S, etc.
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verify. For (iv) define the sets

¿ = {(fco,Jo);a"+1(fco,Jo) = (fc,*)},

A± = {(fco,Jo): a"(fco,jo) = (fc±l,*)}.

Then A = A+ U A- and A+ Pi A- — 0. Now consider first the sum in (iv) over A-.

We get

E \Zko,3o I !<^+1 lAam(fco,io) _ Xko,3o I
(fco,io)€X-

^        ¿J        l2fco,iol V^a"+1(fcoj'o) _/^fcoJol
(fco,Jo)£^-

where a V 6 denotes the larger of a and 6. We have

E        12fco .io I ( I X[\"+» (fc0 ,J0 ) _ ^fco , jo I )
(feo,io)e>)-

<        E        l<Ljhl(Wt».'«r)-Ai,J)
(feo,io)e>l-

^ E \~Zl,3o\(\S(Ul>Ur) - s(Ul,Um)\ + IAÎ.U - A«, J)
(fco,io)eX-

^        E        l¿2o,io I W«m - «r I + [AÎ-U - Ag0 ¿ |).
(fco,Jo)G>I-

Hence,

E        lZfco,iol !<m|^+1 lA""«(fco,io) ~ A°o,Jol
(fcojbJeX-

-K       E        l^<*n(fco,Jo)l lu"i -«r| +0-
(koJo)eA-

(a = term in (iv) at time tn)

< K\um - ur\ \um - Uj| + a < KQ(A) + a.

Since a similar estimate is valid for A+, we see that (iv) holds.

Case (d). R + S -> S (see Figure 8).

First note that um > ü > ur. Now we obtain the partition of [ur, tt] by restriction

of the partition of the interval [ur,um], retaining the classification. (Because of the

construction of the original partitions, ü is guaranteed to be a partition point of

the interval [ur,um].) Set X^j1 = s(u,ur) for all j, and reclassify any wave z]^_1]

between ü and um as «fc_i v- (m iact> if Q"(^o,jb) = (fc - 1, j), then all the waves
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uk-1 .
*7~^ Tn+1

*k
Figure 9

at am(ko, jo) for 0 < m < n get reclassified as S'a.) We check (i): for any m < n we

reclassified waves of total strength at most K\u - um\. For the diamond in Figure

8 we have

C(A) = \ñ-um\ + \um-ur\-\ü-ur\ = (um-u) + (um-ur)-(ü-ur) = 2|um-ü|.

(This is why the right side of (i) is C(R?) and not C(Rn)\) Thus (i) holds, (iv) is

verified as in the last case, and (ii) and (iii) are easy to check.

Case (e). S + R —> S. This is the same as in Case (d). Similarly, the cases

S+R -* R and R+S —► R (other than translations) cannot occur, as we have noted

above (after Figure 8). Since we have exhausted all cases, the proof is complete.    D

3. Estimate of the truncation error. Let 0 be a nonnegative test function

in x - t space, and denote by ß(u) any Lipschitz-continuous function satisfying

\ß'(tí)I < 1 a.e. The truncation error is defined to be

(3.1)        E(tt>) = E(<j>,ß,u) = J2 <Kx,tn)\ß{u{x,tn))]dX = Y,En,
n=lJ-°° „=1

where [f(-,tn)] denotes the jump in / across the line t = tn.

In order to estimate E(<f>) we need some definitions and observations. Set u>£ =

ß(Vk,j)-ß(Vk,j-i)\ then the partition of the numbers zj^. = !#,,—»£,j-ii defined in

Theorem 2.4, can be extended to yield a partition of the numbers wß into disjoint

sets {tt>fci3-} and {wgj}. Note that

K,j\<\Vk,3-Vk,3-i\ = \vïjl

We assume that the original partition on í = 0 satisfies |A° ■ - Xo. _j| < £ for all

(fc, j), where e > 0 is a given small number. We can now prove the following lemma.

LEMMA 3.1.

En+i = E €+1(Afc^ Ai + oftj Ax)wl3 + Oi,
fc,j

where

(3-2) Oi < KV At^UlU + AxUxlU,

K is a constant independent of Ax and At, and <t£   = sgn(anAx - A]J Ai).

PROOF. Suppose that a shock wave emerges out of the point (xfe, tn) and u£+1 =

"fc-i! see Figure 9.
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In this case we have A£   = s = s(u^_1,u^+1) for all j, so that

E K+1(Xl3 At + oSj Ax)wlJ = 4>nk+1(s At - Ax) £ «/£,.
3 3

= <j>nk+1(s At - Ax)(ß^+1 -$_!) = 4>l+1 H " [ß] dx

rxk+i

= /        Mdx,

with an error

j \d>(x,t) - 4>(xk,t)\ \[ß]\ dx < II^IU Ax^ \[ß]\dx

< ||</>x||ooV|[Xfc_1,xfc+1] Ax2,

and this gives the desired result.   The other case is that of a rarefaction wave

emerging out of (xk,tn); see Figure 10.

Suppose that xfc + anAx = xk + A£ Jo Ai, so that u£+1 = y£Jo. Then

_»   _ í 1 if J < Jo,
°kj   \-i    if y > jb,

and using the notation ßfc.. = /^(j/Jf ■), we have

¿(A^Ai + c^AxK,

3=1

- E a£ä- - äj-i) Aí+ÉWw - äj-i) A*
Í=l 3 = 1

- E (^-^fcVi)^
Í=j'o + l

= J2 «?j(AJj - Xfc+J Ai + (A£9/3£, - A2>0^,0) Ai
j=o

+ (2/3£io-fi?,0-/3fc1,,)Ax

= &^o-^A+i-AWAí
¿=o

+ /^„[(Afcl,o-Afcl,g)Ai + 2Ax]

+ ßlq(Xlq At - Ax) - (%fi(K,o At + Ax)
9-1

= E^o-^)(AL+i-Afc,i)Aí
3=0

+ (ßk,j0 - /^,,)(Ax - Aï,, Ai) + (/3¡v  - /3fel,0)(Ax + A£,q Ai)

/•Xfc + 1

/        [ß(x)\ dx + E,
Jxk-i
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<--yh0

Figure 10

where

E < E       / [«*)] dx   - [/3](xfe + Aïj Ai) • (ASj - A^_x) Ai

<E/ |[/3(x)]-[/3](xfe + A^Aí)|dx

«      ex.+X^At

= £/ |/3(x)-^(xfc + A^.Aí)|dx
J = lV**+*£,.,_! At

«       rXk + X^jAt      rXk+X^j At*       /-äEfc+AJ,,. At       fXK+XîjAt

<E/ / l/J'HId-dx
J = l-/xt+A; ^_xAtJx

«      /-Xk-rA?i3 At       /-ifc+A^ At

<E/ / \ß'(s)\dxds

« /-Xk+A^At

= E(A^-A^-i)Ai/ iwids
j=i •/^+^,3_iAt

< £Ai^|[xfc_liXfc+l],

since we chose the partition to satisfy lA^    — A£ •_1| < £ for ail pairs (fc,j) and

each A£. - AfclJ_1 = A°   - Apq_! for some (p, g). It follows that

<t>nk + 1T,(Xl3At + <3AxX3
i=i

= <¿fc+1 P [^(x)]dx + 0(||^||ooeAí7).
■/Xfc_i

But

¿fc+1 P*1[ß(x)]dx= í ' %(x)[/?(x)]dx,
Jxk-1 •> Xk-l

with an error which is bounded (as in the case of a shock), by

fXk+l fXfc+1

/        |<A(xfe)-0(x)||[^(x)]|dx<||^||ooAx /        |/3(x)-/3(xfe + onAx)|dx
Jxk-l Jxk-i

/•Xfc+l       /-Xfc + l

< Halloo As / /        |/3'(s)| dsdx
Jxk-l     J Xk-l

< \\<f>x\\oc-Ax2V\[xk_uXk+l].



ERROR BOUNDS FOR GLIMM DIFFERENCE APPROXIMATIONS 621

This completes the proof of the lemma since Ax = const Ai.     D

We now derive an estimate for the truncation error.

THEOREM 3.2. Let E(<f>) be defined as in equation (3.1). Then for any Lip-

schitz-continuous function ß satisfying \ß'(u)\ < 1 a.e.,

\E(<f>)\ < KlAt1'2 | log Ai| IMIoo + Ai HV^Iloo],

where K is a constant independent of At, Ax, and ß.

PROOF. Recall that in §2 we partitioned Z+ (the time-line indices) into sets

of equal length {(p - 1)M < n < pM}, p — 1,2,..., which define strips in i > 0.

We shall fix an n in a given strip and refine our estimate of En. For simplicity

in notation we pick an n in the first strip (p — 1), make our estimates on the

corresponding En, and then sum over all n in the first strip. Since the result we

get is the same for all strips, this will enable us to obtain the desired estimate on

E(<f>). Next, if we delete all of the w terms occurring in the En+i equation in the

statement of Lemma 3.1, then |u>| < \v\ (because ß is Lipschitz continuous with

Lipschitz constant 1), and so from Theorem 2.4(i), we commit an error of

(3.3) K\\(f>\\ooAtC(R1) = 02.

We now consider only the w terms and, for simplicity in notation, will omit the

tildes. We have

En+i=J2 K+1(xl3 Ai + al3 Ax)wnkJ + Oi+02
k,3

{k,j)€N

where N = {(k,j) :z°kj = 0}. Thus,

(3.4)

En+i = E CÍ(M PL Ai + CKfc,i) AzK,,
N

+ (K«(k,3) - xLX"(k,3)At

+ (X°kJ At + o-2Hki3) Ax)«„(fcJ) - w°kJ)} +Oi + 02.

Now from Lemma 2.4(iii),

(3.5) <„(fcii) - w°kJ = ß(ynaHk,3)) - /%U = 0.

Also, using Lemma 2.4(iv),

E \Xa"{k,j) - Xk,j\ lWa«(fc,i)I^Q^(fcj) Ai
N

< iHiocE K"(fe,i)i iAs-(fc,i) - aLi At
k,j

= WocEl<JllAS"(fc,,)-A°fc,J|Ai
k,3
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(3.7)

Thus setting

(3.6) o3 = K||«/.||ocg(i¡;1)Ai,

we have, from (3.4)-(3.6),

En+i = £d>nJlk,3)(X°k,3 A* + <Hk,3) Ax)<3 +Oi + 02 + 03
N

= E <t>°k(Xk,3 Ai + KHK3) Ax)w°kJ + Oi + 02 + 03 + 04,
N

where

(3.8) ||V*HooAf Ai £ HJAt < KHV^IiooMAi2 V = 04.
N

We next estimate the total error terms; namely,

M

E(Oi+o2 + o3 + o4)
n=l

(3.9) < KVM At (EM«, + AxUV^U + KMM<* ̂ tC(R1)

+ KMMao Ai (¿(R1) + K\\V^HooAf Ai2 V

= KUWcoM At [eV + C(Rl) + Q(R1)) + K \\ V^M At2 V = 05.

Therefore, summing over the first strip,

M M

E E» = E E tâWjAt+^»(fc,y) a*x+o5
n=l N   n=l

M

(3.10) = E $ E E (AL Ai+*k Aa;K;
fc j    n=l

M

+ E ^ E E«"cc,) - ^o A*<3 + Os,
k j    n=l

where

âk,3 = sgn(anAx-XkjAt).

Note that

<Hk,,) = sSn(a™ Ax - Xnnn(kj) At),

so that \âkj - cr"x„,k¿)\ = 0, unless an Ax lies between X°.¿ At and A™n(fcj).   It

follows that Yln=i l^fc j ~ CT""(fc 7)1 's at rnost the number of n, 1 < n < M, such

that

miri    A"m(fcii) At < an Ax <    max   Xmm(kú) At.

Let Ik] be the interval

4.Í min    Xmm(kix,   max   A™mffc •»
0<m<M    a    ^'JJ   0<m<M    Q    ^'^
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From (1.4), we have

M

E K¿ - <»(k,3)\ < #{n: 1 < n < M and an e Ik,3}
n=l

<K(M\IkJ\ + \ogM).

Thus (cf. (3.10)),

M

E <& E E ^«"(w)_ *w.) Ax w°,3
k j    n=\

<KU\U    E   (M|/feJ|+logM)|u;°J|Ax
(k,j)eN

< KUWoo Ax (MQ(R1) + V log M),

where we have used Theorem 2.4(iv) in order to obtain the last inequality. If we

define

(3.12)
06 = 05 + M«, Ax (MQ(R1) + V log M)

= KIWIooM Ai [eV + C{Rl) + (log M)/M\ + K\\V</>||ooM Ai2 V,

then we have from (3.10),

M Ai

(3.13) £iu= E ¿MjE^L^+^í^+Os
n=l (k,j)€N n=l

We now estimate 5Zn=1(A2jJ- Ai + ak] Ax). To this end, note that using (1.4)

again, we have

M

E
n=l

Tfc,J 1 - sgn(an Ax - Ag ■ Ai)
M

E
n=l

= #{n: 1 < n < M and - 1 < an < A^Ai/Ax}

= Af
1 + A^Ai/Ax     0/logM

2 V   M
ß.

Thus if I = [-1, Ag j Ai/Ax], we have

M

E^=Af-2ß,
n=l

and so

M

Ê (Afe,j Ai + ajj Ax) = MX\3 At + MAx-2AxB

Ag ■ Ai/Ax + 1     £

n=l

= 2MAx

= 2MAx \J1-B_
2      M

M

loe M
< 2M AxK-l^- = if Ax log M,

M
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where we have used (3.11). Thus from (3.13),

M

E*»<*|M|oo   E   hfcjIAxlogM + Oe
n=l (k,j)eN

^KVUWocAtlogM + Oe-

Now using this together with (3.12), we have, as £ —> 0,

M r ]      M

(3.14) EE»< KVHWooMAt ]c(R1) + Q(Ri) + ^-

+ KM\\V<t>\\00VAt2,

where K is a constant independent of the mesh parameters Ai, Ax.

Now considering the general case where p > 1, it is easy to see that (3.14) goes

over into

pM 1     M

£     En< KVUUMAt
(3.15)

C(RP) + Q(RP) +
n=(p— 1)M

+ KM||V</)||0oVAi2.

M

If spt0 C {0 < i < T} and NM At = T, where N G Z+, then summing (3.15)

over all p between 1 and N gives

E En < KUWooM At (l + ^^-) + KMN\\ V0IU Ai2.
n=l ^ '

Thus, if we choose M = 0(Ai-1/2), we finally obtain

TO)| < Kll^llooíAí1/2 + At1'2 | log Ai|) + KIIV0IU Ai,

as desired. This completes the proof.

4. The error bound. In order to derive the error bound (1.3), we shall prove

a slight refinement of the following theorem due to Krushkov [K].

THEOREM.   Let wo G L°°(R) be given.   Then there is a unique solution w of

(1.1)-(1.2) satisfying

//J  Jt
{\w - k\4n + sgn(u) - fc)[/H - f(k))}dxdt > 0

t>o

for any nonnegative test function supported in {t > 0} and any constant k.   w

achieves the initial value wo in the sense that w(t) —* wq in L\oc{/Si) as t —► 0.

For our purposes we consider the above double integral when boundary terms

can occur; i.e., when the support of <f> meets i = 0. Here is the result.

LEMMA 4.1.   Let <j> = 4>(x,t) be a nonnegative, Lipschitz-continuous function

supported in a strip xi < x < x2, and let w be a function which is an exact solution
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Figure 11

in the open strips tn < t < tn+i, n = 0,1,..., N — 1.   If T = tjv, then for any

constant k,

r-T    roo

/     /     {\w-k\<j>t + 8gn(w-k)[f(w)-f(k)}(j)x}dxdt
JO    J -oo

F
n=l •'-'

|iu - k\4>
-oo

N-l   roo

dx — I      \w — fc|(/)
t=T- J-oo

t=tn +

dx
t=o

[\w - k\<S>] dx.
t=t„

PROOF.   Let £ > 0 be small, and let Xe(t) be the piecewise linear (periodic)

function depicted in Figure 11.

If
,(t)<i>(x,t),        i„<i<i„+i,

otherwise,

then

0< j "  * J{\w-k\(iP£)t+sgn(w-k)[f(w)-f(k)]xe<i>x}dxdt

/tn+l     r

j \w-k\xe<t>tdxdt

♦K/TV-jC./)'•-'*'**
+ / / sgn(u> - fc)[/(tu) - /(fc)]x£</>x <te<ft-

Thus summing over n gives

0 <   /    /{|u> - fc|& + sgn(u> - k)[f(w) - f(k)}<j>x}Xe dxdt

iA/ /*'"-i+£ /■    /•'"   A
+;£lL /-/.-/)|--*l*"bA

lim y    y {|w - fc|<At + sgn(u> - fc)[/(u>) - /(fc)]^}x£ dxdt

= j     I {\w - fc|<¿>t + sgn(u> - fc)[/(u>) - f(k)]d>x}dxdt,

But
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and since the evaluation map

/oo
|u; — k\(f>t\t dx

-oo

is Lipschitz continuous on [in, i„_i], we see that if we let £ —► 0 in (4.1), we get

0< i   J{\w-k\(j)t + sgn(w-k)\f(w)-f(k)}(t)x}dxdt

N~l     f <n + l +

+ y t   I \w - k\4>t dx
n=0 J *„ + i-

= /     /{|u;-fc|<6i + sgn(u;-fc)[/(w)-/(fc)]0I}dxdi

f f %^   f 'n+
- I \w- k\4>t\r- +     \w- A#t|o+ +J2     l\w~ k\<¡>t]

J J n=l J «„-

and this gives the desired result.    D

We are now in a position to derive the error bounds. Let 4>(x,t,y,r) be a

nonnegative test function having compact support in (x, u)-space. Let T = tw as

before. If u denotes a Glimm approximate solution, and v is the exact solution of

(1.1), (1.2), then taking ß = |u-î;(u,t)| in Theorem 3.2 and using the last lemma,

we can write
/»oo     /»oo

/      /      {|u(x,i) -v(y,T)\<f>t+sgn(u(x,t)-v(y,T))
JO     J-oo

■ \f(u(x,t)) - f(v(y,T))}4>x} dxdt

/OO

\u(x,T) - v(y,T)\4>(x,T,y,T)dx
-oo

/oo
|u(x, 0) - v(y, t)\<P(x,0, y, r) dx - E(<j>,ß,u)

-OO

/OO

\u(x,T) - v(y,r)\<p(x,T,y,T)dx
-OO

/OO

|u(x,0) -u(u,r)|(£(x,0,u,r)dx
-OO

- K(At1/2 | log Ai| IMIoo + Ai IIV^Hoo).

If we integrate this inequality over the support of <f> in y space cross the interval

[0, T], we get (omitting the limits of integration),

//// {\u-v\4>t +sgn(u-ti)[/(u) -/(t^^dxdidudr

(4.2) > /11 \u(x,T) - v(y,T)\<j>(x,T,y,T)dxdydT

- \u(x,0) - v(y,T)\4>(x,0,y,T)dxdydr - Ei

where

Ei = 0(At1'2 | log Ai| Ml«, + At || V^Hoo).
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Using Lemma 4.1 we find similarly,

//// {|ti-f|<A- +sgn(u- v)[f(u) - f(v)](f)y}dxdtdydr

(4.3) > iff \v(y,T)-u(x,t)\cp(x,t,y,T)dydxdt

- /// \v(y,0) - u(x,t)\(f)(x,t,y,0)\dydxdt.

Thus, adding (4.2) and (4.3) gives

(4.4)

jJJj {\u(x,t)-v(y,T)\(4>t+4>r)

+ sgn(u- v)[f(u) - f(v)](<j>x +4>y)} dxdtdydr

> III \u(x,T) - v(y,T)\4>(x,T,y,T)dxdydr

- \u(x,0)-v(y,T)\4>(x,0,y,T)dxdydr

+ iff \u(x,t) -v(y,T)\4>(x,t,y,T)dxdydt

- /// |u(x,t)-t;(u,0)|(A(x,i,u,0)dxdudi-.K"£1

We want to estimate the difference between these integrals and integrals on the

diagonal. To this end, we follow [K] and define

j.(   *       \      ,(x + y t + r\      (x-y  i-r\

where ip is a nonnegative test function with ip(-, s) compact for each s > 0, and 8h

is an approximate "delta function". That is,

8h(y,t) = 8(y/h)8(t/h)h-2,

where 8 > 0, f_oo 8(s) ds = 1, and the support of 8 lies in the interval (-1,1). For

this choice of <f>,

(4 5) Ei ~ UWooh-2 At1'21 logAi| + ||VV||oo/r2 Ai + ||VHoo/r3 Ai

= ||V>||oo(/i-2 At1/2 I log Ai| + h~3 At) + IIV^Iloo^-2 Ai = E2,
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and (4.4) becomes

¡llJ{Hx,t)-v{y,rM{^y,í±L)

+ sgn(u - v)[f(u) - f(v)}r¡>x \ 8h
x — y  t — r

>IIJ\u(x,T)-v(y,T)\il;(^,^41)8h(X-^,^-)
2    '     2

x + y A
— >26h

2    '     2
-y -x-y -t\

2    ' 2 )
dx dy dr- jjj\u(x,0)-v(y,T)\i>

+ JII\u(x,t)-v(y,T)\ip(^,'^)8h(^y,^)dxdydt

- jjj\u(x,t)-v(y,0)\ip

I3 — I3 + I4 — Ii — E2.

2    '    2

X + y,í)8h(X-^')dxdydt-E2
2    '2 2    '2

We now estimate the difference between these integrals and integrals on the

diagonal. To this end, let

h = jjjj Hx,t) - v(y,r)\A (*±*, *±î) 8h (
x — y t — r

Then

/1 = jfjj \u(x,t) - v(x,t)\Mx,t)8h (-L-Ji.L-Ij dxdtdydr + E3

= I    \u-v\iptdxdt + E3,

where

(4.7)

£3 = jjjJ\\u(x,t)-v(y,T)\ - |u(x,t) - t>(z,t)|]

*[*$*,*-¥)*>'"*'*-*

jjIj \u(x,t) - v(x,t)U+

Jl + J2.

isti.ti)-*^«*(îtiî't)

Now

*
x+y i+T

«h
x-y  t-

•?)
Ji< JjjJ\v(y,T)-v(x,t)\

< ll-A Hoc fjjJMy* r) - v(y, t)\ + \v(y, t) - v(x, t)\]8h f î^.lzl)
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//// \v(y,t)-v(x,t)\6h(^-^-,—^J drdydtdx

= jjjj\v(y,t)-v(x,t)\8h {^jSh (^)

= /     I       /        \v(y,t)-v(x,t)\8h(—y—\dydxdt,

since

M* dr = l.

Now interpreting ^asa measure having finite total variation, we have

r-T    roo     rx+h

iff       \v(y,t)-v(x,t)\8h(^Adydxdt

<l     f     [        f       \vx(s,t)\8h(^-) dsdydxdt
Jo    J-ooJx-h   Jx-h \■'■« ' /

-jf£[(C^)*)(£Tw,-,>1*;
/•T    /»oo    px-\-h

< I     I      /       |t>x (s,i)|dsdxdt
JO    J-oo Jx-h

rT    roo     es+h

— I     I       I        \vx (s,t) | dxdsdt
Jo     J-oo Js-h

r-T    roo

= 2h        /      \vx(s,t)\dsdt
JO    J-oo

dxdt

= 2h /     (Tot. Var. v(-,t))dt
Jo

= 2hTV

where, we recall, V =   Tot. Var. t>(-,0).  The last inequality follows from Lemma

2.1. Hence,

jjjj\v(y,t)-v(x,t)\8h fcji.Izlj drdydxdt < 2hTV.

Similarly, using the fact that vt = —f(u)x (in the sense of measures), we find

//// Hy,r)-v(y,t)\8h Í —y~i—Ä-J drdydxdt < consth.

It follows that

(4.8) \Ji\<KUt\\och.
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We next estimate J2. We have

U2I < || VMo¿h-ff \u(x, t)-v(x,t)\ (JJ 8h(^,t^j dy dr^j

(4-9^ = llWtlloofc ff\u(x,t)-v(x,t)\dxdt

< IIVtAtHoo/lllu-tjIlii^pt,/,).

Now referring to (4.6), we observe that we can treat the term

HU sgn (u - v)[f(u) - f(v)}ASh (£ZÜ, *Zl)

in a similar way, so we get

(4.10)

{\u(x,t) -v(x,t)\ipt + sgn(u - v)[f (u) - f(v)]i>x}dxdt

>h-h+~h-h-E2- ifflWIoc/i + || V^tHooftllu - w||i)

=h-h+h-h

- KlM^h-2 At1'2 I log Ai| + || W>||oo(/>-2 At + h) + || Vtftllooll« - «llife]

= L3 — I3 + I4 — I4 — E4.

Now let us consider I3:

h = /// |u(x,0)-v(u,t)|V>

-ill
^'Í/MV^'T1

X — 1i    —T
u(x,0) - v(x,0)\tp(x,0)8h ( —-—, — ) dxdydr + e

2    '  2

/
= / \u(x,0)-v(x,0)ip(x,0)dx + e,

where

= ///[!«(*, o) - v(y,r)\ - |u(x,0) - v(s,0)|fy (

+ jI I \u(x,0) - v(x,0)\[i¡3
x + y  -T

■4>{x,0)]Sh

2    '  2 ) ~n V

x-y tn

■i)

2 ' 2 ;   ^'""^v, 2 '2;'

If we compare the error term e with (4.7) we see that we can estimate this term in

a manner analogous to the way we just estimated Ji + J2. Treating I3, I4, and I4

in a similar fashion, this gives, from (4.10),

(4.11)

/ / {\u - v\tpt + sgn (u - v)[f(u) - f(v)}ijjx}dxdt

>2 / \u-v\ijj        dx-2     \u — v\fl>
J t=T J

dx — E4.

Let a£(x) be a nonnegative monotone function such that ae(x) = 1 if x > £, and

a£(x) = 0 if x < —£; see Figure 12. Then define Ae(x,t) by

AE(x,t) = l-ae(\x\ + Lt-R + E),
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Figure 12

-x

-R  -R+€ R-€    R

Figure 13

where R > 0 and L is the Lipschitz constant for / on |u| < ||uo||oo- Note that

if \x\ < R - Lt - 2£, o£(|x| + Lt - R + e) = 0 so Ae(x,t) = 1, and if |x| >
R - Lt, a£(\x\ + Lt - R + e) = 1, so A£(x, t) = 0; see Figure 13. Thus A£ can serve

as ij).

Using this test function in (4.11) gives

j\u-v[ dx-2
t=T-

j\u-v\ E4
t=0

<-IIh<^m
+ sgn(u-v)[f(u)- f(v)]

If
--r—- > dxdt
ox   I

But

so that

(4.12)

{|u - v\(-La'e) + sgn (u - v)[f(u) - f(v))(±a'£)}dxdt.

f(u)-f(vY
\u-v\(-a'£)

I \u- v\At

L±

dx<2
t=T-

U — V

j\u-v\

<0,

+ E4,
t=o

where E4 is defined in (4.10). Thus, from (4.12) we get

i-R-LT-e

\u(x,T-)-v(x,T-)\dxI-R+Lt+e

<
fñ+t !
/ \u(x,0)-v(x,0)\dx+-E4,

J-R-e L
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where

Ei = (h~2 At1'2 I log At| + (h~2 At + h) + \\u - v\ih)0(l),

and the 0(1) term includes the derivatives of i¡). It follows that

E4 = (h~2 At1'21 log Ai| + h)0(l).

Thus, if we set h = Ai1/6, we get

(4.13) E4 = (Aí1/6|logAí| + Ai1/6)0(1).

This yields the following theorem. (Recall that Ai = O(Ax).)

THEOREM 4.2. Let v be the solution of (1.1), (1.2), and suppose t>(x,0) has

finite total variation. If u is a Glimm approximate solution to (1.1), (1.2)4 and

X = (a, b) is any bounded interval on the line t — T > 0, there is a constant C,

depending only on X, T.V.(u(x,0)), and the equidistributed sequence, such that for

any £ > 0,

(4.14) ||u - v\\LHX) < C[\\uo - v0\\L1{ji) + Ax1/6 | log Ax|],

where X = (a — Lt — e, b + Lt + e), and L is the Lipschitz constant for f on

{u: \u\ < ||t^)||oo}.

5. Error bounds for some special classes of data. In this section we show

that the general error bound (4.14) can be improved in the case that the initial

data is piecewise constant.

Throughout this section v denotes the exact solution of (1.1) with initial data

t>o, and u denotes the Glimm approximate solution with initial data uo generated

from the particular equidistributed sequences {an} as described in §1. In addition,

it will be convenient to adopt the notation

h? = Axp |logAx| = 0(Aip|logAx[).

The main result of this section is then the following theorem.

THEOREM 5.1.   Assume that

(a) uo is piecewise constant;

(b) v contains no interactions of more than two waves at a time; and

(c) u0(x) = (1/2 Ax) Q+* v0(s) ds,   xfe_i < x < xfc+1.

Then for any T, X > 0 there is a constant C independent of At and Ax such that,

forO<t<T,

(5.1) ll^i)-<>(•,í)IIlM-x,x]<C/i1/2.

In addition, if v contains no interactions of shocks with rarefaction waves, then

(5.2) \\u(;t)-v(-,t)\\Li{^x]<Ch.

In proving Theorem 5.1 we shall make repeated use of the following two lemmas.

4Corresponding to any equidistributed sequence satisfying (1.4).
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LEMMA 5.2.   Suppose there are functions a(x,t) and ß(t) such that

u(x, t) = v(x + a(x, t), t + ß(t))

forO<t<T and \x\ < X. Then for 0 < i < T,

(5.3) ||u(.,t) - u(.,i)||LM_x,x] < CdMloo + II/?»«,).

PROOF. We have

(5.4)

/X rX|u(x,t)-u(x,t)|dx<   /     |u(x + Q:,i-|-/3)-u(x,i-)-/3)|dx
X J-x

+ /     \v(x,t + ß) -u(x,i)|dx.
J-x

Interpreting vx as a measure, we can bound the first integral on the right side by

rX     /-x+Halloo

/      / \vx(s,t + ß)\dsdx<2\\a\\00TV(v(-,t + ß)).
J-xJx-WalU

Since a similar estimate holds for the second integral in (5.4), (5.3) follows.    D

LEMMA 5.3.   There is a constant C depending only on the equidistributed se-

quence {an} such that, for any number s satisfying |sAi/Ax| < 1, the bound

y] sgn (s At — am Ax) Ax - stn

m=l

<C(Axlogn)

is valid.

PROOF. We have from (1.4) that

1    21E
m=l L

sgn (s At — am Ax) + 1
Ax

#{m G [l,n]: am < s At/Ax}

1 + s At/ Ax
Ax + O

(¥)

Ax

Ax.

Multiplying by 2n we obtain

2J sgn(s Ai - am Ax) Ax + n Ax = I 1 + s — ) n Ax + 0(Ax logn),
m=l ' '

as required.    D

Next, we analyze in detail the behavior of the approximate solution u for a

number of special cases. The proof of Theorem 5.1 will follow easily from these.

Problem 1. Assume that v consists of two constant states separated by a single

shock emanating from (b°, 0) (Figure 14a) and u consists of the same two states

with a discontinuity initially at (z°,0) (Figure 14b).

In this case we show that we can choose a — a(x) and ß = 0 in Lemma 5.2, and

(5-5) INoo<|b°-2°l + C/i.
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speed s / speed s

Ui / Un U| / un

b° z°
(a)  v(x,t) (b)  u(x,t)

Figure 14
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Á
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X

Figure 16

PROOF. Let zn be the position of the shock in u at time in. Then from Figure

15 we see that

zn = zn~l + Axsgn(sAt-anAx),

so that, by Lemma 5.3,

n

zn = z° + 5^ (s At - am Ax) Ax = z° + stn + 0(Ax log n).

m=l

But if tn < T, then n = tn/At < T/At, so that

zn = z° + st„ + 0(h).

On the other hand, the position of the shock in v at time tn is bn = b° + stn.

Therefore,
zn - bn = z° - b° = 0(h).

It is now clear that we can choose a = a(x), ß = 0, and

<max|2n-6"| < |z0-6°|+C7i.    D

Problem 2. Here we consider two similar problems, the analysis being nearly the

same for both:

A. v and u consist of the interaction of two shocks as shown in Figure 16.



ERROR BOUNDS FOR GLIMM DIFFERENCE APPROXIMATIONS 635
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Figure 17

B. v is a single shock and, due to initial averaging, u is the interaction of two

shocks whose product is the shock in v (Figure 17).

For case B we assume that
.0

u™ = ¿}±Vofy0  Mx)dx

and y° and z° are adjacent mesh points. In both A and B, u¡ > um > ur.

For case A we show that the a and ß of Lemma 5.3 can be chosen so that

\\a\\oo + \\ß\\oo<C(\b0-y0\ + \c0-z°\ + h).

For case B we show that there is a time tj¡ = 0(h) such that ||u(-, t)—v(-, í)||í,i < Ch

holds for 0 < i < t=, and, for i > t—, the a and ß of Lemma 5.3 can be chosen so

that ß — 0, a — a(x), and ||a||oo < Ch.

PROOF. Let yn and zn be the x-coordinates of the two shocks in u at time tn.

Then, as in Problem 1,

(5.6)

yn = y° + E ssn (&yAt - am Ax">Ax'
m=l

n

zn = z° + ^2 sSn (sz Ai - am Ax) Ax,

m=l

where sy and sz are the shock speeds. Now suppose the two shocks interact at the

point (xk,tñ). Then y^ — z„ — xk, and subtracting in (5.6) and applying Lemma

5.3, we find that

(5.7) z° - u° = (sy - sz)tn + 0(Ax logñ).

We need to obtain an upper bound for t—. (This will show, in particular, that

the interaction in u actually occurs.) First observe that since /" > 0, \sy — sz\ >

C\ur —ui\, and this last term is bounded away from zero.

Thus, from (5.7),

tñ = (z° - y°)/(sy - sz) + 0(Axlogtn - Ax log Ai),

so that

tñ - Ci Ax login < C2\z° - y°\ + C3h.

Hence, tj¡ cannot be arbitrarily large. Moreover, in case B we have z° — y° — 2 Ax,

so that, when Ax is small,

tñ < Ci Ax login + C4h < Cih\ogtñ/h + C4/i.
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Dividing by h, we find that

tñ/h-Ci logtñ/h <C4,

and therefore

(5.8) tñ < const h    (case B).

Now consider case A. The point at which the two initial shocks in v interact is

(x,i), where

x — bo + Syi   and   i = (b° - c°)/(sz - sy).

Therefore, from (5.7) we have

(5.9) t-tñ = O(\z°-c0\ + \y0-b°\ + h).

Next, from (5.8) and Lemma 5.3,

ñ

xk = u" = y° + Ax E sgn (sy At - am Ax)
(5-10) r^l

= y° + tñsy + 0(h).

Therefore, using (5.9), we conclude that

\xk - x\ < \y° - b°\ + \sy\ \tñ -t\ + 0(h)

<C(\y0-b0\ + \z0-c°\ + h).

This estimate, together with (5.9), completes the analysis for case A.

We now consider case B. First note that the estimate ||u(-,t) — u(-,í)||¿i < Ch

is obvious for i G [0, tñ] (see Figure 18).

At i = tñ, u has as "data" a single shock emanating from the point (x^, tñ),

where by (5.10),

xk=y° + tñsy + 0(h).

On the other hand, this same shock is located in v at (x, tñ), where x = b° + s%.

Thus

\xk - x\ < \y° - b°\ + \sy - s\tñ + 0(h) < 0(h)

by (5.8). We can now apply the result of Problem 1 with i = tñ as the new initial

time to define a and ß as required.    D

Problem 3. Here the exact solution v is the rarefaction wave shown in Figure

19a.
We make the assumption that the characteristic speeds in the interior of this

wave are strictly increasing, so that each state w G (ui,ur) is achieved at a unique

point b(w) by vq; that is, vo(b(w)) = w.
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u=w

b(w) y»(w)

Figure 19

As for u, we assume that there are a finite number of adjacent mesh points which

are centers of subwaves in R x [0, Ai] (Figure 19b), and that the union of these

subwaves is the wave in v. If w is a state achieved by u in the interior of one of these

subwaves, we denote by y°(w) the mesh point at which that particular subwave is

achieved.

We show that, under these assumptions, the a and ß of Lemma 5.3 can be

defined so that a — a(x), ß = 0, and

(5.11) <C sup \b(w) - y°(u>)\ + h

where the sup is taken over all w for which y°(w) is defined. In addition, we also

show that

(5.12) *fc+1-«fc-ll<C/l/*n.

This estimate is required for the analysis in Problem 4.

PROOF. We partition each of the waves in u so that no further partitioning

occurs before a given time T (recall §2B). Let w be any state achieved by u in the

interior of one of these subwaves, and let yn be the x-coordinate of the center of

the subwave in u at time tn. Then, as in Problems 1 and 2,

(5.13)
yn = y°(w) + ¿ sgn (f'(w) At - am Ax) Ax

m=l

y°(w) + f'(w)tn + 0(h).

On the other hand, the exact solution v achieves the value w at the point (x,in),

where x = b(w) + f'(w)tn. Subtracting, we thus have

\yn - x\< sup \yo(w) - b(w)\ + Ch.
w

It now follows easily that a and ß can be defined as claimed.

To prove (5.12) we simply note that, for 8 small, by (5.13),

xk = v°K-i + s) + /V W-i + «))«» + o(h),

and

Xk = y°(unk+i -8) + f'(y°(unk+i + 8))tn + 0(h).

Since y°(uk_1 +6) = y°(tife+1 +8), we obtain, upon subtracting and letting 8 —► 0,

f'K+i)-f(unk_1) = o(h/tn).

Since /" > 0, (5.12) follows.    G
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Figure 20

Problem 4. Here the exact solution v consists of a shock wave interacting with a

rarefaction wave. As before, we assume that the characteristic speeds are strictly

increasing in the interior of the rarefaction wave. The functions b(w) and y°(w)

are then defined just as in Problem 3. (See Figure 20.)

We show that, for this problem, the a and ß of Lemma 5.2 can be defined in

such a way that

Hloo-f-Halloo <c sup |6(w) - y°(w)\ + \c° -z°\ + h

PROOF.   Let s™ be the speed of the shock in the approximate solution u for

tn <t < tn+i. We claim that

(5.14) sZ+1-sZ = 0(h).

To see this, note that the first interaction in u of the shock with a subwave of the

rarefaction wave occurs at a time tñ bounded away from 0; (5.14) is then obvious

for tn < tñ- Now for tn > tñ, s™+1 — s£ = 0(uk+1 - uk) if the shock at (xk+2,tn)

interacts with a subwave at (xk,tn); (5.14) then follows from (5.12).

Now let zn be the x-coordinate of the shock in u at time tn. Then, as before,

(5.15) zn = z° + ST sgn (s™ Ai - am Ax) Ax.

At this point we require the following refinement of Lemma 5.3.

LEMMA  5.4.   Assume that {gm}^=1 is a sequence of real numbers satisfying

\gm\ < 1 and \gm+1 - gm\ < Ch. If K is a positive integer with K = 0(At~1/2),

then
1     n ,   [in/KAt]

-Vsgn(jm-am) = f     E     93K-KAt + 0(h1'2).
n In .

m=l j=l

The proof of Lemma 5.4 is given in the Appendix.

Now choosing K = 0(At~1^2) throughout, we therefore have from (5.15) that

zn = z° + n Ax
1   " At

»'ÄX-

(5.16)
- ,ozu + n Ax

[tn/RAt]

t'Tl

3 = 1

Ai

Ax
■KAt + 0(h>l2)

[t„/KAt]

= z°+     E    <K-KAt + 0(h^2).
j=l
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We now extend the sequences zn and s£ by piecewise linear interpolation to obtain

functions z(t) and su(t) defined for all i > 0. From (5.14) and (5.15) we then have

for i, i' > 0,

(5.17)
|s„(i)-su(t')|<(7|i-i'||logAi|,

|*(t)-«(i')l <C|i-t'|.

The sum in (5.16) may thus be rewritten as

r-jK At[t„/KAt\ [tn/RAt]

E    <* .KAt=    E
J=l 3=1

ft

/»J«. ¿St

/ su(t)dt + 0(K2 At21 logi|)
J{j-l)KAt

= f " su(t) dt + 0(K At | log At|)
Jo

rtn

= /     su(t)dt + 0(h1'2).
Jo

We therefore have from (5.16) that

(5.18) z(t) = z(0) + f su(t) dt + 0(h1'2)
Jo

holds for t = i„. (5.18) then holds for all í > 0 by (5.17).
Now, if c(t) and sv(t) are the x-coordinate and speed of the shock in v at time

i, respectively, then

c(t) = c(0)+ /   sv(t)dt.
Jo

Subtracting from (5.18), we therefore have

(5.19) z(t) - c(t) = z(0) - c(0) + f \su(t) - sv(t)} dt + 0(/i1/2).
^o

We show below that

(5.20) \su(t) - sv(t)\ < sup\b(w) - y°(w)\ + h+ \z(t) - c(t)\

Granting this for the moment, we may substitute (5.20) into (5.19) and apply

Gronwall's inequality to obtain

\z(t) - c(t)\ < C[\z° - c°\ + sup \b(w) - y°(w)\ + h\.
w

The assertions about a and ß now follow easily.

To prove (5.20) we let v be the solution of (1.1) with initial data

~(     n\        I f(x,0), X < C°,
u(x,0) = \    v      " „'

and ü the approximate solution with data

¿(x,0) = Hx'°)' X < z°,

X > z°.
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Figure 21

Thus v agrees with v for x < c(t), and ük agrees with uk for Xfe < zn. Now fix a

time tn and let v = v(c(tn)-,tn) and ü — u(z(tn) — ,tn). The Rankine-Hugoniot

relation then implies that

IS«(in) -S„(t„)| < C\Û-V\.

However, v(-,tn) achieves the value ü at some point x, so by Lipschitz continuity

(5.12),

(5.21)
ISu(in) -S„(t„)| < C\v(x,tn) -Û(c(tn),t„)|

<C(\x-z(tn)\ + \z(tn)-c(tn)\).

On the other hand, since ü(z(tn),tn) = u = v(x,tn),  \z(tn) — x\ is bounded by

Halloo, where a is as in Problem 3. That is,

Wn) <C h + sup \b(w) - y°(w)

If we substitute this into (5.21), we obtain (5.20) for i = tn. (5.20) then holds for

all i in view of (5.19).    D

PROOF OF THEOREM 5.1. We subdivide the upper half-plane {i > 0} into

nonoverlapping rectangles Ri whose bottom and top boundaries are intervals with

the lines t = ai and i = 6¿, and in such a way that in each R¿ the exact solution

v consists either of a single wave entering R¿ at the bottom and leaving R¿ at

the top, or of two waves entering ñ¿ at the bottom with the product of their

interaction leaving R¿ at the top (see Figure 21). (By the "bottom" of R¿ we mean

the interior of dRi fl {i = ai}; similarly for "top".) If Oi =0 for a particular

Ri, then our hypotheses show that the results of either problem 2B or Problem

3 become applicable, so that the error bound (5.2) holds in i2¿. Moreover, the

existence of a and ß for (x,i) G dRi fl {i = 6¿} establishes the hypotheses of the

appropriate problem 1-4 for regions R3, whose bottoms intersect the top of Ri,

with errors in the positions of the "initial" waves (i.e., at t = 6¿ = a3) bounded by

||û||oo + Hßlloo — 0(h). Proceeding by induction on i towards increasing time, we

obtain a and ß as in Lemma 5.2, defined in all Ä, (with the possible exception of

those Ri to which problem 2B applies) and such that ||q||oo + Halloo is bounded by

0(hr^2) (O(h) when no shock-rarefaction interactions occur). Estimates (5.2) and

(5.3) then follow from Lemma 5.3 and Problem 2B.

Appendix.  We prove the following lemma which was used in §5. Recall that

hP = Ax? | log Ax| = 0(Aíp | log At|).
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LEMMA 5.4. Assume that {gm}^=1 is a sequence of real numbers satisfying

\gm\ < 1 and \gm+1 - gm\ < Ch. If K is a positive integer with K = 0(At~1/2),

then
1      n 1    [tn/KAt]

-£sgn(<7™-am) = -     E    93K-KAt + 0(hi'2),
n ™_i r"     »•  i

m=l J —1

for any equidistributed sequence {am} C (—1,1) which satisfies (1.4).

PROOF. Let M = [tn/K At] = [n/K], and consider the following partition of

the integers {1,2,..., n}:

A3 = {(j-l)K + l,(j-l)K + 2,...,jK},       ¿ = 1,2,...,M,

AM+i = {MK + l,MK + 2,...,n}.

Then we can write

n
1
-  ESSn(9m-am)

m=l

j AÍ+1
= ¡E   E sgn(gm-am)

j'=l mSAj

^j'=1 m€Aj

M

+ E  E -sSn ̂m ~am)- sgn (ff»'* - am)]

+     E     sgn(9m-am)^.

meAM+i

Now

E sgn(g^K -am) = —  £
m£A,

sgn

m£j4¿

9jK -^At-am Ax

where we have used Lemma 5.3. Also, if we define the interval

ii = min g   , max g
meA3 mgAj

then \Ij\ = O(fciC) = 0(/i1/2), and for 1 < j < M,

E [sgn (ffm - am) - sgn (gjif - om)]

mEAj

< #{mGA3: am G I3}.
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Since we obviously have YJmeAM t sgn(gm - om) = 0(K), it follows from (1.4)

that

j-Esgniy
m=l

i   M
^tYJWKKAt + 0(Ax\ogK)}

3 = 1

M

+ ^ #{m G Aj : am G I3} + 0(K)

M

= j- E ^KÄ At + O
3 = 1

M

i=i

M log if     MK (ui

n
h1>2 +

logK

K
+

K

=iE^ifAt+o(/ln
j=i

because MX/n < 1, if = 0(At~1/2), and 1/n = O(Ai).
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